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Abstract 

We show that divergence-free jacobian maps, recently considered in 
[TT] . [T4] . are actuaUy shear maps. 

1 Introduction 



Let $ : H" M" be a continuously difFerentiable map. By the inverse function 
theorem, if its Jacobian determinant det J$ does not vanish at a point, then $ 
is locally invertible at such a point. It is well-known that the local invertibility 
of even if it holds on all of K", does not imply $'s global invertibility. Addi- 
tional conditions implying $'s global invertibility, or just injectivity, have been 
studied in several fields (see [T], [13]). Some conditions have just been conjec- 
tured to be sufficient to guarantee the map's invertibility, as in the case of the 
celebrated Jacobian Conjecture |8]. Originally formulated for complex maps, 
and successively studied for maps defined on arbitrary fields, such a conjecture 
asks to prove that a polynomial map with constant non-zero Jacobian deter- 
minant is globally invertible, with polynomial inverse. The problem has been 
attacked in several ways. One can find in [2] an overview of results concerning 
the Jacobian Conjecture up to 1982. A more recent account is contained in 
[3]. Among general results concerning such a problem, it is known that it is 
equivalent to prove or disprove the statement in any field of zero characteristic, 
that it is sufficient to prove <i>'s injectivity in order to get its surjectivity [2 , and 
that $'s global invertibility implies that is a polynomial map. The most 
studied special case is the bidimensional one, <&(a;, y) = {P{x, y), Q{x, y)), where 
the statement was proved under the hypothesis that either P's or Q's degree is 
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4, or prime, or both degrees are < 100 (see [5] for a more comprehensive hst of 
results). 

Recently, a particular class of maps has been taken into account, namely the 
so-called divergence-free maps [11^. Such maps have the form = (a; -I- 

p{x, y),y + q{x, y)), where y) and q{x, y) are polynomials of order > 1, with 
|£ + g = 0. For such maps one has det = 1 + (|h + g) + (|e g _ 1 1|) , 

hence under the condition ^ + = also the determinant-like term vanishes, 
TT-TT — TT-TT = ^- In algebraic terms, this amounts to ask that no terms in 

ax ay oy ox ^ ' 

the divergence-like part of det J$ cancels with any term in its determinant-like 
part (maps with a linear part different from the identity can be reduced to the 
above form by multiplying by an invertible linear map). Such a condition is 
satisfied under some symmetry conditions on p{x,y) and q{x,y), as in the case 
of p{x,y) and q{x,y) even polynomials, since the terms in ^ -I- g have odd 

degree, while the terms in ff — |^|f have even degree. In [11] it was proved 
that such maps are globally invertible. A different proof for real maps, with 
some extensions, has been given in |14l . by applying results proved in relation 
to the Global Asymptotic Stability Jacobian Conjecture [S], [B], [7]. 

In this paper we give a complete characterization of real divergence-free 
maps, proving that every such map has the form 

Cn n \ 

x + Y^ e^a{(3x - ay)\y -f ^ e»/3(/3x - ay)' \ , (1) 
1=2 4=2 / 

with a, (3 € M, G IR for i = 2, . . . , n. This means that the nonlinear part of 
such maps essentially depends on the single variable (3x — ay, so that after a 
change of variables the map has the form of a shear map, (u, v) i— > {u,v — f{u)). 
Our approach consists in solving the system of PDEs 

^ + ^=0 dpdq dpdq_^^ 
dx dy ' dx dy dy dx ' 

in the class of homogeneous polynomials, then proving that only polynomials 
with nonlinear part as in ([T]) solve the system ([2]). As a consequence, we prove 
that under some simple algebraic conditions, a jacobian map is the composition 
of a linear automorphism and a shear map. 



2 Results 



Let $ : IR^ IR^, ^{x,y) — {P{x,y),Q{x,y)) be a real polynomial map. 
Let J<i> be its jacobian matrix. We say that $ is a jacobian map if its jaco- 
bian determinant det J$ is a non-zero constant. Possibly replacing ^{x, y) with 
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— $(0,0), which has the same jacobian determinant, we may assume 
that 4>(0,0) = (0,0). Moreover one can compose $ with the inverse matrix of 
J$(0, 0), obtaining another jacobian map with hnear part coinciding with the 
identity. Let us call again $ the map obtained by such operations. Then we 
can write 

n n 

P{x,y) = X + '^p,{x,y), Q{x,y) =y + ^qi{x,y), 

i=2 1=2 

where pi{x,y), qi{x,y) are homogeneous polynomials of degree i. Let us set 
$(x,y) = ^{x,y) — {x,y). In other words, <f> is the map consisting only of the 
nonlinear terms of <I>. We say that ^{x, y) is a divergence-free jacobian map if 
it satisfies the condition 

4=2 ^ i=2 

As observed in the introduction, if $ satisfies the above condition, then det = 
0. 

We say that $ is a shear map if its nonlinear terms are linear combina- 
tions of powers of a homogeneous polynomial of degree 1, as for the map 
$(a;,y) = {3x — Ay+{x — y)^,—2x + y+{x — y)'^). The adjective s/iear comes from 
the fact the nonlinear part of that such maps substantially acts as a displace- 
ment along a given direction. The displacement's amount depends nonlincarly 
on the position of {x,y). 

In next lemma we show that a homogeneous polynomial satisfying simulta- 
neously the divergence and the determinant condition is essentially a function 
of a single variable. We start considering homogeneous polynomials. 



Lemma 1 Let p{x,y), q{x,y) be homogeneous polynomials of the same degree 
j > 1, not both identically zero. If 

^ + ^=0 dp_dq_ _ dp_dq_ ^ ^ 
dx dy ' dx dy dy dx 

then there exist a, G IR, -\- 0^ ^ Q, C, ^ Q, such that p{x, y) = (a{f3x — 
oiyy,q{x,y) = Cf3{(3x - ayy. 



Proof. Let us assume q{x,y) not to be constant. Then there exists a line 
I = {{x,y) : X = tcos9,y = tsm9} such that q{t cos 9 , t sin 9) is non-constant. 
The gradient Vg does not vanish at any point of L By the second equality in ([3]), 
in a neighbourhood of the point (cos^, sm9) there exists an analytic function ip 
such that p{x,y) = ip{q{x,y)). 

Then there exist a, G M, + 7^ such that 

at^ ^ p{t cos 9, t sin 9) = ip{q{t cos 9, t sin 9)) = -ipiPt^). 
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One has /3 0, otherwise q{t cos 9 , t sin 9) — (3P would be constant. Setting 
s = (iP , one has P — jj, hence 

P 

This proves that locally Pp{x,y) ~ aq{x,y) = 0. By the identity principle for 
polynomials, the same equality holds on all of JR^. As a consequence, there 
exist a homogeneous polynomial r{x, y) of degree j and k G M, fc 7^ 0, such that 
p{x,y) = kar{x,y), q{x,y) = kl3r{x,y). Then one has 

dv do Or dv 

0^£ + /^^ka- + kp-^k(a,P).Vrix,y). 

This implies that the level curves of r{x, y) are just the lines (3x — ay = const., 
hence there exists a function p such that r{x,y) — p{f3x — ay). Choosing 

{x,y) = I3x-ay^t and 

for some h E JR, h ^ 0. In conclusion, r{x,y) = p{Px — ay) = h{(3x — ay)^ . 
Setting ( — hk gives the statement. X 



Remark 1 The above lemma shows that a divergence-free jacobian map can be 
written as follows, 

n n 

P{x,y) ^ X + ^Ciai{PiX - aiy)\ Q{x,y) = y + ^CiPi{fiiX - aiyf, (4) 

1=2 1=2 

with C,i 7^ 0, a|+/3| 7^ fori — 0, ...,n. In fact, since "divergence" terms do not 
cancel with "determinant" terms, every homogeneous couple {pj{x,y),qj{x,y)) 
satisfies the hypotehses of lemma [II 

Something more can be said comparing terms with different degrees. Next 
lemma is concerned with couples of arbitrary functions both depending only on 
a first-degree homogeneous polynomial. 

Lemma 2 Let us set p(x, y) — a4>{l3x — ay) + b^p{6x ~ jy), q{x, y) — c4>{(3x — 
ay) + dip{Sx — jy), with ip, ip non-constant functions of class . If Q) holds, 
then the lines (3x — ay — and 6x ~ ^y — coincide. 

Proof. One has 

Op Oq Op Oq 

^ dxOy dyOx ^ ^^'^ ^ ^ ~ ay)?A'(5a; - 7?/). 
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At every point where both (f>' and ■0' do not vanish one has (ad—hc){a5—l3^) = 0. 
If a6 — (3j — 0, then the thesis is proved. If ad—bc — 0, then there exist m,ri,uj G 
TR, m 0, T]^ + Lu^ ^ and a function r{x,y) such that p{x,y) = mrjr^x^y), 
q{x, y) = mu!r{x, y). Then, as in lemma [U one has 

dp dq dr dr , , ^ , , 

As in lemma [1] this proves that there exists one-variable function p{t) such 
that r{x, y) = p{ujx — ijy). Now, assume by absurd that the lines fix — ay = Q 
and (5a; — 7?/ = do not coincide. Then one can make an invertible change of 
variables, u = (3x — ay, v — dx ~ 7y, and consider the functions of u and v 
obtained from p{x, y), q{x, y), r{x, y) by applying the change of variables, 

p*{u, v) = a(j){u) + bilj{v) = mrip{kiu + k2v), 

q*{u, v) — c(j){u) + dip{v) ~ ■mujp{kiu + k2v), 

where fci, fc2 G K, kf + k"^ ^ 0. Differentiating both equalities with respect to u 
one has 

a(j>'{u) = mrjkip' {kiu + k2v), c(j>'{u) = mLokip (kiu + k2v). 

If /c2 7^ 0, then the above equalities hold only if (f)' and p' are constant, against 
the hypothesis, hence k2 = 0. Similarly, differentiating with respect to v one 
proves that fci = 0. This leads to fci = = /c2, contradiction. Ift 



Theorem 1 Let ^(x. y) = {P{x,y),Q{x,y)) be a divergence-free jacobian map 
of degree n. Then there exist a, /S G TR, o? -V 0^ ^ 0, Si G IR, such that 

n n 

P{x,y) ^ X + ^eia{Px - ayY, Q{x,y) = y + ^e,(3{l3x - ay)\ (5) 

j=2 i=2 

Proof. Let n be the degree of Due to lemma [U P{x,y) and Q{x,y) are as 
in remark [TJ Let us set a = an, (3 = (3n, £n — Qn- Since we assume $ to be of 
degree n, + 7^ 0, e„ ^ 0. 

We claim that for i — 2, n ~ 1, ai — a, f3i = (3. 

Let us proceed by decreasing degree. The functions p{x, y) — (^nOt{(3x — 
OiyY+Qn-iOtn-iiPn-iX-an-iyT'^ , q{x,y) = Cn(3{Px-ayy'+Cn-i(3n-i{f3n-ix- 
an-iy)^~^ satisfy the hypotheses of lemmajH since their terms do not interact 
with those ones of lower degrees. Then, by lemma [H the terms (3x — ay and 
Pn-ix — an-iy are proportional. Since Px — ay does not vanish identically, there 
exist ^„_i G IR such that — ^„_iq;, f3n-i = As a consequence, the 

terms of degree > n — 1 in P{x,y) and Q{x,y) are all function of f3x — ay. 
Setting En-i = Cn~i£,n-i, the form of the {n — l)-degree term in (jU is as in ([5]). 



5 



Now we may repeat the procedure replacing n—l with n — 2. We apply again 
lemma [2] to the functions p{x,y) = a I e„(/3a; — ay)" + e„_i(/3a; — ay)"^^ 



C„-2a„_2(/3n-2a;-a„-2y)" '^,q(x,y) = /3|^£„(/3a;-a?;)"+£„_i(/3a;~ay)" ij + 

C„_2/3„_2(/3„-2a;-Q!„_22/)"^^, m order to prove that j3x-ay and /3„-2a;-a„_2y 
are proportional. Since (3x — ay does not vanish identically, there exist ^,1-2 £ IR 

such that Q;„_2 = Cn-2a, /3n-2 = ^n-2/3- 

Such a procedure can be applied n — 2 times in order to prove that every 
nonlinear term in <f> is actually a power of Px — ay multiplied by a constant 



In the above theorem it is not assumed that for i = 2, n — 1 one has ^ 0. 
Actually some degrees may not appear in a divergence-free jacobian map, as in 
<^{x,y) = (x - y2 _ y^^y). 

In [llj and |14| some simple algebraic conditions ensuring a jacobian map 
to be divergence- free were taken into account. We apply them to the present 
situation. 

Given a polynomial P, we write d{P) for its degree, o(P) for its order. We 
say that a polynomial is even if it is the sum of even degree monomials, odd if it is 
the sum of odd degree monomials. Similarly, we say that a polynomial is x-even 
if it contains only terms with even powers of x, x-odd if it contains only terms 
with odd powers of x. We say that a non-negative integer is a gap of P if it is the 
difference of the degrees of two distinct monomials in P. We denote by G(P) the 
gap-set of P. As an example, the polynomial P{x, y) — x^ -\-y^ -\- x^y"^ + y"^ has 
gap-set G{P) = {0, 1, 3, 4}. If P has exactly one monomial, or if P is identically 
zero, then we say that it has empty gap-set. 

We say that the couple of polynomials (P, Q) satisfies the gap condition if 
for every monomial M in P, one has d{M) — 1 ^ G{Q). The gap condition is 
not symmetric, as shown by the couple (P, Q) — {x + y"^, x^ + y'^). In such a case 
one has G{P) ~ {1}, G{Q) ~ {4}, so that {P,Q) satisfies the gap condition, 
but (Q, P) does not. 

We say that (P, Q) satisfies the symmetric gap condition if both (P, Q) and 
{Q, P) satisfy the gap condition. 



Corollary 1 Let $ : IR^ — > JR^ be a jacobian map of the type ^{x, y) — {ax + 
by + p{x, y),cx + dy + q(x, y)), a,b,c,d € TR, o(jp) > I, o{q) > 1. If one of the 
following holds, 

i) max{d(p), d{q)} < o{p) + o{q) - 1, 

a) bothp{x,y) and q{x,y) are even polynomials, 

Hi) p is odd, q is even and {p,q) satisfies the gap condition, 
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iv) (p, q) satisfies the symmetric gap condition, 
then ^1 = $ o ( J$(0, 0))~^ is a shear map. 

Proof. Let us consider the map v]/ — $ o (J$(0, 0))^^. One has '^{x,y) = 
{x + p* {x,y),y + q*{x,y)), with o{p*) > 1, o{q*) > 1. The composition with a 
hnear map does not change the properties in i), . . . ,iv), hence 5* satisfies ah of 
them. In [T3] it was proved that any of the above conditions imphes \1/ to be a 
divergence-free map. Then the conclusion comes from theorem [TJ Jjt 

Next coroUary is concerned with a kind of symmetry which is not preserved 
by composition with hnear transformations. 

Corollary 2 Let $ : be a jacohian map of the type ^{x,y) ~ (x + 

p{x,y),y + q{x,y)), o{p) > 1, o{q) > 1. If one of the following holds, 

i) p is x-even, q is x-odd, 

a) p is y-odd, q is y-even, 
then $ is a shear map. 

Proof. By theorem 2 of (14j, $ is a divergence-free jacobian map. Then one can 
apply theorem [TJ 4b 
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